In this paper it is studied the influence of a minimal thermal environment on the dynamics of a quantum harmonic oscillator (labelled A), prepared in a coherent state. The environment itself consists of a second oscillator (labelled B), initially in a thermal state. Two types of interaction Hamiltonians are considered, and the time-evolution of the reduced density operator of oscillator A is compared to the one obtained from the usual master equation approach, i.e., assuming that oscillator A is coupled to a large reservoir. An analysis of the linear entropy evolution of oscillator A shows that simplified models may be able to describe important features related to the phenomenon of decoherence.
Introduction
The coupling of a quantum system to an environment normally leads to the degradation of its nonclassical properties. Usually, the environment is modeled by a large number of quantum systems (the reservoir) e.g., a collection of independent harmonic oscillators. However analytical solutions of models involving large reservoirs are virtually impossible to obtain, and approximations are generally necessary. For instance, by assuming a weak system-reservoir coupling, it is possible, via perturbative methods, to derive evolution equations (master equations) for the reduced density operator 1 of the system of interest [1] . This approach, based on the assumption of the existence of a large reservoir, naturally leads to irreversible dynamics of the system variables. Needless to say that such a framework has been particularly useful for the investigation of the quantum to classical transition [2] as well as the phenomenon of decoherence [3, 4] .
Nevertheless, the interaction with environments having a small number of degrees of freedom may also cause considerable disturbances to the evolution of quantum systems. An interesting study in this respect is presented in [5] , where it is shown that even a single electron, constituting a "minimal environment" is enough to affect the interference fringes of another electron (system of interest) in an experiment of double photoionization of H 2 molecules. In [6] it is discussed the behaviour of the specific heat of quantum systems in contact with an environment containing just a single oscillator; the authors conclude that such a simple model is very useful to clarify the occurrence of anomalous effects related to the specific heat of simple systems. In another work [7] , it is shown that a very small (but noisy) environment interacting with a bipartite (qubit-oscillator) system may lead to an irreversible-like behaviour. In summary, the above mentioned works show that even minimal environments might be able to cause a considerable degradation of the quantum properties of a system.
The past years have witnessed important developments regarding the manipulation of individual quantum systems, e.g., quantum nanomechanical (or micromechanical) oscillators [8, 9] . We may cite, for instance, the cooling of mechanical oscillators to their quantum mechanical ground states [10, 11, 12] and the quantum squeezing of motional degrees of freedom in an optomechanical system [13] . Other examples of physical realizations and preparation of states of quantum harmonic oscillators are trapped ions systems [14] and also one mode of the electromagnetic cavity field [15] . A quantum oscillator may be in principle prepared in a variety of quantum states. A pure state that stands out is the coherent state, the "quasiclassical" state of the oscillator defined in the early days of Quantum Theory [16] and a few decades later reintroduced by Klauder [17] , Glauber [18] and Sudarshan [19] . Coherent states of the oscillator, here represented by |α 2 , have peculiar statistical properties, e.g., they are minimum uncertainty states in phase space. Besides, they have a characteristic behaviour when in contact with external systems. Namely, if an oscillator initially prepared in a coherent state is assumed to be linearly coupled to a reservoir at T = 0 K, its evolution is such that |α(t) = |α 0 e −γt ; here γ is a decay constant related to the oscillator-bath coupling and α 0 is the amplitude of the initial coherent state. Actually, the coherent states are the only pure states that remain pure under dissipation at zero temperature [20] . But as we are going to see, in spite of their robustness at T = 0 K, if the oscillator in a coherent state is put in contact with a thermal environment at T = 0 K, its quantum state evolves to a statistical mixture of pure states i.e., the coherent states are no longer "pointer states". I would like to remark that we often find in the literature discussions about the influence of an environment on superpositions of coherent states (Schrödinger "cat" states) [4, 21, 22, 23, 24, 25, 26] rather than individual coherent states. Differently from coherent states, though, "cat" states are highly non-classical states [22] , and their quantum properties are normally destroyed if they are coupled to an environment even at T = 0 K [4, 22] . Of course, in a finite temperature environment the situation is even worse [23, 24] .
Considering the model of reservoir as being a collection of oscillators [1, 3, 4] , the smallest possible environment could be the one consisting of a single oscillator. Thus we would have a system constituted by two coupled quantum harmonic oscillators; oscillator A, the system of interest, and oscillator B, the environment. The problem of two coupled oscillators (e.g., position-position coupling) has been already addressed in the literature; an exact analytical solution (under the rotating wave approximation) was found some time ago [27] . More recently this configuration has been considered for investigating the information transfer between two subsystems [21] . Here I would like to explore the influence of a noisy environment (oscillator B) on the dynamics of the main system (oscillator A). In order to do so, I will consider two distinct forms for the oscillator-oscillator interaction Hamiltonian: position-position (amplitude) and cross-Kerr (phase) couplings. Oscillator A will be assumed to be initially prepared in a pure coherent state |α 0 a , while oscillator B, the minimal environment, will be in a thermal state, a state of maximum mixture for a fixed energy. My analysis will be based on the time-evolution of the linear entropy, ζ(t) = 1 − T rρ 2 A (t), whereρ A (t) is the reduced density operator of oscillator A, obtained by tracing over the variables of system B, i.e.,ρ A (t) = T r Bρ (t); hereρ(t) is the joint density operator. The linear entropy equals zero for a pure state and it is larger than zero for a mixed state. It is therefore a very useful function to quantify the degree of mixture of the quantum state of oscillator A. Evidently in the realm of simple models involving the coupling of an oscillator to a single subsystem, as described above, the evolution of the oscillator will have finite recurrence times, and thus a full irreversible process is not accounted for by those models. Nonetheless, simple analytically solvable models may be useful to gain insights into the general properties of quantum systems. Here, I would like to address the following questions: to what extent simple models (restricted to a sufficiently short time-scale) are able to mimic the decoherence process, compared to a master equation approach? Are they able to appropriately describe the influence of temperature on the dynamics of a quantum oscillator?
This paper is organized as follows: in section 2 I will present the analytical solutions of the models of system-environment interaction. In section 3 I will discuss the evolution of the linear entropy of oscillator A. In section 4 I will summarize the conclusions.
Models of environment 2.1 Master equation approach
Firstly I am going to consider the usual (position-position) model of system-environment interaction based on the coupling of a harmonic oscillator to a thermal bath constituted by a collection of uncoupled harmonic oscillators. The oscillator A, of frequency ω, is associated with creation (annihilation) operatorŝ a † (â), and the oscillators constituting the bath with operatorsb † i (b i ). The Hamiltonian of the whole system in case of an amplitude coupling, under the rotating wave approximation, may be written aŝ
where the first two terms correspond to energy of the free oscillator A plus the energy of the bath, and the third term is the interaction energy with coupling constants g i . Using a perturbative standard procedure [1] under the Born-Markov approximation, we may derive the (well-known) master equation for the oscillator A reduced density operator (ρ A ), in the interaction picture
The parameter γ is a decay constant related to the couplings g i , and n is the average number of excitations of the oscillator of frequency ω at thermal equilibrium,
A trace over the bath variables has already been taken. The system of interest (oscillator A) will be assumed to be initially prepared in a coherent state |ψ(0) a = |α 0 a . The solution of master equation (2), which is the time-evolved density operator of oscillator A, may be cast in the following operator form [24] ρ
whereD(α t ) = exp(α tâ † − α * tâ ) is Glauber's displacement operator, with α t = exp(−γt)α 0 and n t = [1−exp(−2γt)]n. In other words, the quantum state of oscillator A may be written as a statistical mixture of displaced number states with a (time-dependent) thermal distribution weight. Of course for long times, the state of oscillator A becomes the thermal equilibrium state, i.e.,ρ A = k n k (1+n) (k+1) |k a a k|. From ρ A (t), one may calculate the time-evolution of the oscillator's linear entropy,
.
The linear entropy in this case is a simple function of γ and n, and does not depend on the amplitude α 0 of the initial coherent state. The quantum system is assumed to be coupled to a very large and immutable reservoir, which naturally leads to irreversible decoherence. Thus, for long enough times, the linear entropy of oscillator A tends towards a constant (maximum) value ζ max 1 = 2n/(1 + 2n), meaning that it will eventually reach thermal equilibrium with the reservoir. If n = 0 (reservoir at T = 0 K), we obtain ζ 1 (t) = 0 as expected. In this case the state of oscillator A remains pure at all times, i.e., ρ A (t) ≡ |α 0 aa α 0 |.
Amplitude coupling
A natural example of minimal environment would be the extreme case in which the reservoir discussed in the former section, Eq. (1) is reduced to a single sub-system, namely oscillator B with operatorsb,b † . The interaction Hamiltonian then readsĤ
being κ the coupling constant. The natural frequencies of oscillators A and B are assumed to be equal, ω a = ω b = ω. An analytical solution to this problem can be found in [27] . The Heisenberg equations of motion i dÔ dt = [Ô,Ĥ] for the operatorsâ andb are
with corresponding solutionsâ
where A(t) = exp(−iωt) cos κt and B(t) = −i exp(−iωt) sin κt. Following [27] , we may then calculate Glauber's P -function [18] , P A (α), a possible representation of the quantum state in the coherent state basis. It is related to the density operator via the integral in phase-spacê
where |α are coherent states and
. The P -function may be expressed in terms of the normally-ordered characteristic function χ N A [18, 27] as
being χ N A associated to a density operatorρ,
Now the solutions in Eq. (8),â † (t) andâ(t), may be inserted in the corresponding right-hand side of Eq. (11). We consider the oscillator A initially prepared in the coherent stateρ A (0) = |α 0 aa α 0 | and oscillator B (minimal environment), initially in the thermal statê
After performing the trace and integrating, one obtains the P -function [27]
where S(t) = n sin 2 κt and C(t) = α 0 e −iωt cos κt. Hence, the resulting P -function is a Gaussian function with variable width. Now we may calculate the linear entropy of oscillator A, or
Using α|β = exp(−|α| 2 /2 − |β| 2 /2 + α * β) and integrating, we obtain the linear entropy
which is a simple function of time. At times t 
Phase coupling
I would like now to consider another type of coupling to a minimal environment based on a cross-Kerr interaction, orĤ
being λ the (cross-Kerr) coupling constant. Again, I am assuming ω a = ω b = ω. In this case, because of the form ofĤ I in Eq. (16), there will be no energy exchange between oscillator A and oscillator B, as occurs in the previous case. For initial coherent (|α 0 a ) and Fock (|m b ) states , the evolution according to Hamiltonian (16) will result
Therefore, the time evolution for the joint (two oscillators system) density operator having as initial states the coherent stateρ A (0) = |α 0 aa α 0 | for oscillator A and the thermal state in Eq. (12) for the minimal environment will bê
with α k (t) = α 0 e −iλkt . Now we may take the trace over oscillator's B variables, obtaining the reduced density operator of oscillator A,ρ A (t) = T r B [ρ(t)],
As we see from Eq. (19),ρ A (t) is a mixture of coherent states with a thermal distribution weight. Again, if n = 0, i.e., for the minimal environment initially in its vacuum state, oscillator A will remain in its initial pure stateρ A (t) ≡ |α 0 aa α 0 |. The linear entropy ζ 3 (t) = 1 − T rρ 2 A (t) reads
which is also a periodic function of time. In this model, system A returns to its initial state at times t 
Discussion of the results: Linear entropy
In order to discuss the decoherence process, I would like first to make some considerations about the time scales involved. The behaviour of the linear entropies given by Eqs. (5), (15) and (20) may be compared in a straightforward way if we make γ = κ = λ. It would be then convenient to plot the quantities ζ i as a function of the scaled time γt, being γ the decay constant in the master equation approach. The reversible models have recurrence times at t (2) r = π/κ (amplitude coupling model) and t (3) r = 2π/λ (phase coupling model). At those times the oscillator A returns to its initial state |α 0 a , i.e., the joint state of the system becomes separable again. The patterns of course periodically repeat. I recall that if the environment is at T = 0 K (n = 0), the oscillator A will continue in a pure state, or ζ 1 (t) = ζ 2 (t) = ζ 3 (t) = 0. However, we expect that a noisy environment (n = 0) will have an important influence on the behaviour of oscillator A and that an initially pure state will evolve to a mixed state. From the expressions (5), (15) and (20) we may obtain good estimates of the "decoherence times" as a function of n for each model
Note that t
d ∝ 1/n for the master equation approach, while in the simplified models, t
This significant difference is related to the fact that in the master equation approach the bath is composed by a large number of oscillators, while in the simplified models the environment is reduced to a single oscillator. I would also like to remark that some differences that may be observed in the obtained results are related to the inter-oscillator couplings, as well as to the fact that the initial state of oscillator A is a coherent state. As a matter of fact, in both the master equation and amplitude coupling approaches, the interaction Hamiltonian has basically the same form, viz.Ĥ I ∝âb † + c.c.. In this case there is energy exchange between the oscillators, e.g., a quantum of energy of oscillator A is destroyed byâ. At the same time, this makes a coherent state a special state, given that |α 0 is eigenstate of a. Moreover, because the structure of the master equation is also related to the form of this coupling [28, 29] , an oscillator initially in a coherent state |α 0 (eigenstate ofâ) remains a pure state during the evolution if the bath is at T = 0 K. Besides, even if T = 0 K, the linear entropy of oscillator A will still not depend on α 0 . On the other hand, in the phase coupling model with interactionĤ I ∝â †âb †b , we expect a dependence on α 0 , as the initial coherent state is not an eigenstate ofâ †â . Now we may proceed with a graphical analysis of the linear entropies in order to give a clearer picture of the decoherence process. In Fig. (1) we have plots of the linear entropies as a function of time, for oscillator A initially prepared in a coherent state with α 0 = 5, and the mean excitation number associated to the environment, n = 25. We immediately observe that all three curves have a similar general behaviour; the quantum state of oscillator A, initially pure, rapidly becomes a statistical mixture, and the linear entropies reach a plateau. We also note some differences, such as oscillations (dips) in the curve obtained from the phase coupling model, which are due to the terms having different frequencies in Eq. (20) . Furthermore, decoherence is significantly slower in the amplitude coupling model in contrast to the master equation and phase coupling models. This is consistent with the estimated decoherence times in Eqs. (21); if n is comparable to |α 0 | 2 , we have a reasonably good agreement between the curves of ζ 1 and ζ 3 as shown in Fig. (1) . In this case it is verified a strong decoherence, given that the amount of noise in the environment is relatively high (n = 25). Nevertheless, the initial coherent state of oscillator A will evolve to a statistical mixture even for modest values of n. In Fig. (2) the linear entropies are plotted as a function of time for a considerably lower temperature of the environment, or n = 1, but still having α 0 = 5. Firstly we note that the maximum values of the linear entropy decrease with decreasing temperatures for each model, even though the slopes of the curves differ considerably. In this particular case ζ 3 (phase coupling model) reaches its maximum value faster than the linear entropies given by the other two models. In fact for α 0 = 5 and n = 1, the decoherence time t = 2n/(1 + 2n). Thus, for smaller α 0 , the linear entropy ζ 3 may not match the plateaus of ζ 1 and ζ 2 , as shown in Fig. (3) , with α 0 = 1 and n = 25. In the master equation model, the plateau corresponds to the (thermal) steady state, clearly characterizing an irreversible behaviour. Yet in the case of the simple (reversible) models, the recurrence times are finite, and oscillator A returns to is original state. Nonetheless, the plateau representing a mixed state may survive for times much longer than the typical decoherence times; for instance, as seen in Fig. (1) , t
r . Even for smaller n, as in Fig. (2) , we may have relatively short decoherence times, i.e., t
In the previous examples it seems that the phase coupling model, rather than the amplitude coupling model, is the one which has a short time dynamics (at least qualitatively) more similar to the one obtained from the master equation model. However, this may change depending on the values of the parameters involved, e.g., for smaller α 0 , as shown in Fig. (4) , with n = 2 and α 0 = 1, the phase coupling model curve is clearly closer to the curve obtained from the amplitude coupling model. On the other hand, for very large values of n, the linear entropies according to the master equation and phase coupling models may almost coincide (for short times), as shown in Fig. (5) , with n = 100 and α 0 = 5.
Conclusions
I have presented a study of the dynamics of a quantum oscillator prepared in a quasi-classical (coherent) state in interaction with a very small bath constituted by a single oscillator which is initially in a thermal state. I have considered two types of inter-oscillator couplings, and a comparison has been made with the evolution of the linear entropy obtained via a widely used model of open quantum systems, namely the master equation approach. In the amplitude and phase coupling models for the small environments here contemplated, we have an intrinsic non-Markovian behaviour, reversible dynamics and exact solutions, while in the master equation model (large reservoir) the evolution is Markovian, irreversible and the solution is approximate (perturbative). Despite being very different approaches, if times are short enough, the linear entropies obtained from each model may have very similar features. It is possible, within the realm of the simple models, to emulate some characteristic features of the decoherence process as described by the master equation approach, such as the fast evolution of oscillator A (initially in a pure state) towards a statistical mixture. Besides, given that the oscillators become entangled during most of the time, oscillator A may also spend a relatively long time in a mixed state. Of course it was not the aim here to give a comprehensive description of the phenomenon of decoherence, but rather, to identify common features as well as differences between the master equation approach and simple models. I believe that this study may contribute to a better understanding of the decoherence process itself, as well as to the investigation of the behaviour of simple quantum systems embedded in few-body environments. 
